
reprint



Phys. Status Solidi B, 1–13 (2014) / DOI 10.1002/pssb.201350243 p s s
basic solid state physics

b

st
a
tu

s

so
li

d
i

www.pss-b.comp
h

y
si

ca

Non-equilibrium linear-response
transport through quantum dot
beyond time homogeneity at
Hartree–Fock level
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The expression for current, induced by finite bias with addi-
tional time-dependent (TD) external perturbation, through a
molecule/dot is derived using the non-equilibrium Green’s
function (GF) formalism in the standard two-probe geome-
try. The GFs as well as self energies (SEs) are split into
time-homogeneous (TH) and time-inhomogeneous (TIH) con-
tributions, where the former are obtained as a result of
zeroth-order expansion of the full, two-time corresponding
quantities and the latter we find as linear corrections. The TD
charge in the dot consists of a charge that is injected from the
electrodes and the charge that is induced in the dot. The TD
potential, induced in the dot due to dot TD charge, was treated
self consistently at Hartree–Fock (HF) level as a TIH part of
Coulomb interaction related SE. It is assumed that TH quanti-
ties are solved either exactly or approximately, i.e., using density
functional theory (DFT). The theory is charge conserving and
its gauge invariance is explicitly shown. The contribution of TD

HF potential to the total Coulomb interaction energy vanishes in
the case of one-electron existence, i.e., the self-interaction error
(SIE), beyond the one associated with the DFT, was not intro-
duced. Known results in a special case of time homogeneity are
recovered and extended to TIH transport. The issues of current
partitioning and the displacement current are resolved naturally,
without any additional assumptions about any of quantities, due
to explicit inclusion of dot potential. The special cases of wide-
band limit, zero bias, and zero-bias wide-band limit are also
considered and in each case the corresponding expression for
the TD current is derived. The theory is particularly suitable for
use in connection with DFT when it provides a first-principle
microscopic linear-response description of the non-equilibrium
TIH quantum transport useful for calculation of TD current
through quantum dots, molecules, junctions, or devices at the
nano-scale.

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction One of the main challenges of the
microscopic description of current flow through a quan-
tum system is how to treat Coulomb interaction. Since the
pioneering work of Landauer [1], the scattering formal-
ism was used to formulate the theory of transport through
quantum-coherent systems coupled to electronic reservoirs.
In the equilibrium case, the transport is described using the
concept of conducting channels, directly related to the con-
ductance of the system [2, 3]. In the non-equilibrium case,
the approach was extended to the non-equilibrium quantum-
coherent case in the mesoscopic regime using the scattering
formalism in the presence of a time-dependent (TD) poten-
tial of small frequency for quantum dots, which intra-dot

interaction is treated at the Hartree (random phase approx-
imation, RPA) level [4], leading to the recent experimental
finding of the quantization of conductance in the alternat-
ing current regime [5]. The quantum mesoscopic system
in the presence of the incoherent scattering was studied as
well, extending results to the case of dephasing processes,
using the formalism of non-equilibrium Green’s functions
(NEGFs) [6], which was also used to formulate a current-
conserving gauge-invariant theory without explicit treatment
of TD potential induced by TD injected charge [7]. The
connection between the scattering and NEGF results for elec-
tronic current in the Hartree case has been established as
well [8].

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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2 M. S. Dražić et al.: Non-equilibrium linear-response transport through quantum dot

The treatment of non-equilibrium transport in the finite-
bias stationary state by combining NEGFs and density
functional theory (DFT) has also been used to numerically
compute conductance and direct current [9–11], by express-
ing electronic density through NEGFs and treating Coulomb
interaction at the DFT level, through Hartree and (semi-)local
exchange-correlation (XC) functionals.

The DFT can be used so that GFs are associated directly
with the effective one-particle, Kohn–Sham (KS) Hamilto-
nian. From the equations of motion of the GFs, the treatment
of interaction also includes an expansion of the two-particle
GF to obtain the interaction self energy (SE) [12], while
the conservation relations [13, 14] provide a specific form of
the SE. All higher orders of the two-particle GF expansion
beyond the Hartree contribution lead to the spatially non-
local SE, which is furthermore time non-local beyond the
Fock contribution [15]. Our approach is to make a connection
between time-homogeneous (TH) and time-inhomogeneous
(TIH) parts of GFs and consequently TH and TIH parts of
all relevant quantities derived from GFs using the Keldysh
technique [15, 16] applied to the Kadanoff–Baym (KB) for-
malism [12–14]. Assuming that the ratio between amplitude
of the TD voltage and frequency is much smaller than �/e,
where � is Planck’s constant and e elementary charge, it is
possible to neglect the voltage-nonlinear contribution to the
current [6, 17]. We adopted the picture in Ref. [18], where
it was assumed that due to good screening properties of the
electrodes, a time-varying field causes a spatially homoge-
neous shift of energy levels in the electrodes. This picture
is spoiled when the driving frequency exceeds the metallic
plasma frequency. For this reason, the sudden application
of the TD voltage cannot be described properly within our
approach. The TD voltage rise time has to be slower than the
plasma frequency period. The coupling of DFT and NEGFs
is achieved through the DFT treatment of the TH contribution
of the GFs, while the KB/NEGF approach provides the TIH
part of the interaction SE, which is just the TD potential in
the dot, calculated self consistently at the Hartree–Fock (HF)
level. The starting point is the standard partitioning scheme
where the Hamiltonian of the whole system is represented
by separate Hamiltonians of electrode, dot, and junction
regions [18, 19].

It is not necessary to consider the equation of motion
of GFs in order to describe the steady-state regime, where
it is possible to work directly with the matrix equation in
the energy domain. The GF of the whole system is the
resolvent of the total Hamiltonian; the connection between
block matrices, associated with subsystems and contained
in the equation, provides relevant equations for the dot,
electrode, and junction regions; and, the junction SE is
obtained as a function of surface (isolated electrode) GF,
hopping, and mixed overlap matrices [9, 11]. In the non-
steady regime working with the equation of motion is very
useful because it facilitates computations with two-particle
GFs [12, 15], and for this reason we use creation/annihilation
operators of orthogonal states in the second quantiza-
tion [6, 7, 18].

Working with two-particle GFs allows us to trivially
demonstrate the current conservation, i.e., validity of the
continuity equation, using the GF equation of motion. In
order to satisfy the request of current conservation (as well as
momentum and energy conservation), the approximate SE,
stemming from two-particle GF expansion, has to take par-
ticular forms [13, 14]. Therefore, some basic physics was
preserved, and the need for current-conserving theory was the
motive for introducing the DFT, coupled with NEGFs, in our
description. Namely, combining the two methods, treating
the steady state in one way (DFT) and the TD contribution in
another way, i.e., using HF expansion of the two-particle GFs
and keeping its TIH part, provides the current conservation,
as we will demonstrate explicitly. In addition to being current
conserving, our approach is advantageous compared with
Hartree self-consistent treatment of the TD internal potential,
because the HF potential does not introduce a self-interaction
error (SIE). Namely, the energy of the Coulomb interaction,
within the linear-response description of TD systems, con-
sists of contributions associated with time-independent and
TD charge density that interact via TH, Coulomb interaction
related, SE and contributions due to time-independent charge
density that interact via TIH, Coulomb interaction related,
SE. Within the proposed scheme, TH GFs are treated in the
DFT manner, while the linear TIH corrections are adopted
from perturbation expansion in the HF approximation. The
consequences of such approximation are a replacement of
TH SE by the Hartree plus exchange-correlation (H + XC)
part of the KS Hamiltonian. In the one-electron case, the first
two contributions are not zero (constant), which is the intrin-
sic DFT property, i.e., SIE, but the third term goes to zero,
due to cancelation of Hartree and Fock contributions. The
need for the current-conserving description, as well as the
possibility of self-interaction-free TD transport theory, was
a motivation for us to propose this hybrid approach.

The rest of the paper is organized as follows: in Sec-
tion 2, the model and notation are introduced; the equation
of motion of GFs in the presence of an external TD potential
is discussed; in Section 3, the connections between TIH and
TH quantities are established and a set of equations for their
determination is derived, while the use of DFT to calculate
TH quantities is discussed in Section 3.1; in Section 3.2,
we point out the SIE problem as well as the benefit of
our method associated with SIE reduction; in Section 4,
expressions for both direct (Section 4.1) and alternating
(Sections 4.2 and 4.3) currents are derived, and the solution
to the current-partitioning problem within the theory is also
given; gauge invariance of the obtained expressions is shown
in Section 4.3; special cases of wide-band limit (WBL),
zero bias, and zero-bias WBL are considered in Section 5,
where corresponding expressions for TD current in each of
the three cases are derived; and, Section 6 summarizes the
main results of the paper.

2 Hamiltonian The standard model of two probes
with TD energy levels coupled to a quantum dot (molecule),

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.pss-b.com
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described by the Hamiltonian

H = HL + HLD + HD + HRD + HR, (1)

is considered, where HL/R are Hamiltonians of the left/right
lead, HD is the dot Hamiltonian, and HLD/RD are Hamiltonians
describing the interaction of the left/right lead and the dot,
which in the second quantization take the following forms:

Hα =
∑

kα

εkα(t)c†kαckα, (2)

HD =
∑
nm

ε
nm

d†
n
d

m
+ 1

2

∑
mnkl

Wmn,kl d
†
m
d†

n
dldk, (3)

HαD =
∑
kα,n

(
Vkα,nc

†
kαdn

+ h.c.
)
, (4)

where k is a wave vector such that kα counts eigenstates of the
probe α = L, R; the index n labels basis vectors of the dot,
the Hamiltonian HD is assumed to be Hermitian, represented
in a basis {φn(r)}, with particles interacting via two-particle
interaction described by the matrix W , while the spin indices
are not written since it is assumed that the system is non-
magnetic. Creation and annihilation operators in the dot, dn(t)
and d†

n
(t), respectively, as well as creation and annihilation

operators in the leads, ckα(t) and c
†
kα(t), respectively, all sat-

isfy fermionic commutation relations, while operators of the
dot and leads anti-commute, i.e., {c†kα(t), d†

n
(t)} = 0. We set

� = 1 hereafter to simplify notation without loss of general-
ity. One-particle, kinetic with additional external potential,
energy matrix elements are

εnm =
∫

dr φ∗
n
(r)

(− 1

2m
Δr + u(r)

)
φm(r) (5)

and the Coulomb repulsion of electrons is represented via
matrix elements of W as

Wmn,kl = e2

∫
dr

∫
dr′ φ∗

m
(r)φ∗

n
(r′)φk(r)φl(r′)

|r − r′| . (6)

It is furthermore adopted that the standard assumption is
that the two probes do not interact one with another and that
the only interaction between the probes and the dot is through
the coupling Vkα,n, typically representing tunneling ampli-
tudes across the junction between lead α and the molecule
D.

3 Time dependence An externally applied voltage in
the lead α, Vα(t), induces time dependence of probe energy
levels εkα = εkα(t), thus making H time dependent as well.
As a consequence, the first concern is how this introduces
TD potential in the dot, and it is analyzed by using Dyson’s
equation. The GF of HD is

Gnm(t, t′) = −i
〈
TC dn(t)d†

m
(t′)

〉
, (7)

where dn (d†
m

(t′)) is an annihilation (creation) operator in
the Heisenberg picture, and the time ordering TC is on the
Keldysh contour C, where also lie time arguments [15, 16].
The equation of motion of dn is

i ḋn(t) = [dn(t), H(t)]. (8)

The evaluation of the commutator is simplified because
[dn(t), Hα] = 0 due to {dn(t), ckα(t)} = 0. The commutator
[dn(t), HαD(t)] gives a contribution to the SE of the junction,
while [dn(t), HD(t)] gives SE coming from the interaction
part of HD (the second sum of Eq. (3)). The junction SE,
Σjnc, comes from its surface GF [18],

gkα(t, t′) = −i
〈
TC c(Hα)

kα
(t)c(Hα)†

kα (t′)
〉
, (9)

where operators are in the Heisenberg picture according to
the electrode Hamiltonian Hα(t), while the dot-interaction
SE time dependence comes from the two-particle GF [12]

G2(nt, mt′, n1t1, m1t
′
1)

= (−i)2
〈
TC dn(t)dm(t′)d†

m1
(t′1)d†

n1
(t1)

〉
. (10)

The last GF can be in principle represented as a one-
particle GF multiplying the dot-interaction SE Σint that is
generally difficult to calculate. The standard assumption of
non-interacting electrons in the leads is used, while the dot
interaction remains Coulomb. Therefore, TD potential will
exist in the dot due to potentials in electrodes coupled to
the dot, which can be in principle found knowing Σint. It is
important to emphasize that, due to the coupling of the dot and
probes, the TD potential introduced in the probes will make
the dot-interaction GF and the SE time dependent. Therefore,
the problem is approached by decomposing all quantities into
TH and TIH parts [6], expanding the two-particle GF up to
the Hartree–Fock level [12], and then treating the TH parts
of the obtained expressions using a different theory, in this
case DFT [20–22], which solves, in principle exactly or in
practice approximately, ground-state properties of interact-
ing electrons in the dot through KS single-particle solutions.
In other words, a perturbative technique is used to find the
TD potential in the dot (related to TIH Σint), while DFT deals
with the Coulomb interaction in the dot (related to TH Σint).

The TH part of Σint can be taken into account by
decomposing it into the HF local part and the non-local
remainder [15]:

Σint(t, t′) = Σint,HF(t, t′)δ(t − t′) + Σint,>(t, t′)θ(t − t′)

+Σint,<(t, t′)θ(t′ − t), (11)

obtained from the expansion of the two-particle GF, where
the lowest-order term gives the HF part, and the remain-
ing two terms contain the contribution from the two-particle
interaction.

The concern is with the linear-response regime, where
Dyson’s equation for the TIH part is derived assuming that the
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4 M. S. Dražić et al.: Non-equilibrium linear-response transport through quantum dot

TIH contribution is small and depends on time-varying volt-
age up to the linear term [6, 8], giving the following equation
of motion of the GF, written in matrix form as

i
∂G(t, t′)

∂t
= δ(t−t′)I+ε G(t, t′) +

∫
C

dt1Σ(t, t1)G(t1, t
′),

(12)

where I is the unity matrix, andΣ is the total SE, which can be
split into the interaction and junction parts, Σ = Σint + Σjnc,
with the following equations for each contribution:

∑
l

∫
C

dt1Σ
int
nl

(t, t1)Glm(t1, t
′)

= −i
∑
jkl

WnjklG2(kt, lt; mt′, jt+), (13)

Σ
jnc
nl (t, t1) =

∑
kα

V ∗
kα,n

g
kα

(t, t1)V
kα,m

, (14)

where Eq. (13) describes the intra-dot Coulomb interaction of
electrons, Eq. (14) describes the coupling between the dot and
leads, and g is the surface GF, Eq. (9). The time argument t+

means t + δ for infinitesimal δ > 0, and the time integration
is along the Keldysh contour C. Similarly, both G and Σ are
decomposed into TH and TIH parts:

G(t, t′) = Gh(t − t′) + Gi(t, t′), (15)

Σ(t, t′) = Σh(t − t′) + σ(t, t′). (16)

Equation (15) allows separation of the equation of motion
of the GF, Eq. (12), into two equations, for TH and TIH parts,

i
∂Gh(t − t′)

∂t
= δ(t − t′)I + ε Gh(t − t′)

+
∫

C

dt1Σ
h(t − t1)G

h(t1 − t′), (17)

i
∂Gi(t, t′)

∂t
= ε Gi(t, t′) +

∫
C

dt1Σ
h(t − t1)Gi(t1, t

′)

+
∫

C

dt1σ(t, t1)G
h(t1 − t′) (18)

with the following particular solution for the TIH part:

Gi(t, t′) =
∫

C

dt1

∫
C

dt2 Gh(t − t1)σ(t1, t2)Gh(t1 − t′).

(19)

The TIH SE of the junction, σ jnc(t, t′), directly follows
from Eq. (14),

σ jnc
mn

(t, t′) =
∑

kα

V ∗
kα,m

gi
kα

(t, t′)V
kα,n

, (20)

where the TIH part is now contained in the surface GF. Evo-
lution of g in the Heisenberg picture of Hα is given by

gkα(t, t′) = θ(t − t′)(−i)
〈
ckαc

†
kα

〉
e−i

(
εkα(t−t′)+

∫ t

t′ dτVα(τ)
)

+ θ(t′ − t)i
〈
c
†
kαckα

〉
e−i

(
εkα(t−t′)+

∫ t

t′ dτVα(τ)
)

(21)

with retarded, advanced, and lesser GFs given by

gR
kα(t, t′) = −iθ(t − t′)d−iεkα(t−t′)

−iθ(t − t′)d−iεkα(t−t′)
∞∑

n=1

(−i)n

n!

(∫ t

t′
dτVα(τ)

)n

,

gA
kα(t, t′) = iθ(t′ − t)e−iεkα(t−t′)

+iθ(t′ − t)e−iεkα(t−t′)
∞∑

n=1

(−i)n

n!

(∫ t

t′
dτVα(τ)

)n

,

g<
kα(t, t′) = i

〈
c
†
kαckα

〉
e−iεkα(t−t′)

+ i
〈
c
†
kαckα

〉
e−iεkα(t−t′)

∞∑
n=1

(−i)n

n!

(∫ t

t′
dτVα(τ)

)n

.

(22)

Within the linear-response regime, we keep only the first
term (n = 1) of each series, which gives the TIH part of SE,
Eq. (14), expressed through the TH part

σγ(t, t′) = −i
∑

α

∫ t

t′
dτVα(τ)Σγh

α
(t − t′), (23)

where γ stands for R, A, or <. Furthermore, assuming that
the leads contain non-interacting fermions, we can associate
a Fermi distribution with the average number of electrons in
a single-particle state kα:

〈c†kαckα〉 = fα(εkα). (24)

Now that TIH junction SEs are expressed in the
linear-response approximation, attention is paid to Σint. As
announced, it will be treated in the HF approximation [12],

G2(kt, lt; mt′, jt+) ≈ Gkm(t, t′)Glj(t, t
+)

− Gkj(t, t
+)Glm(t, t′), (25)

where two terms on the right-hand side represent, respec-
tively, the Hartree and the Fock terms. Inserting this
approximate expression into Eq. (13), we get the interaction

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.pss-b.com
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SE in the HF approximation

Σint
nl

(t, t1) = δ(t − t1)
∑

jk

(
2Wnjlk − Wnjkl

)〈
d†

j
(t)dk(t1)

〉
.

(26)

The result is time local, as expected within the HF
approximation, and can be conveniently expressed as

Σint
nl

(t, t) = −i
∑

jk

(
2Wnjlk − Wnjkl

)
G<

kj
(t, t). (27)

Prior to the further derivation, a remark about Eq. (19)
will be made. It is a linear TD correction to the zeroth-order
TH GF due to external TD perturbation σ jnc and induced field
σ int, and the total TD SE can be recognized as the effective
field in the dot. This is analogous to the random phase approx-
imation (RPA) [23], the difference being that the explicit
external potential influences the dot through the junction TIH
SE, Eq. (23), and that the induced field is TD HF while in
the RPA it is TD Hartree potential. The induced field can be
understood as a shielding potential that screens the particle
interaction [23]. Then, non-inclusion of short-range effects
in RPA leads to the overestimation of the screening.

Our aim is to find the TIH part of the HF SE, using
the decomposition G<(t, t′) = G<h(t − t′) + G<i(t, t′). Obvi-
ously, the TIH part of the interaction SE is related to the TIH
lesser GF through

σ int
nm

(t, t) = −i
∑

jk

(
2Wnjmk − Wnjkm

)
G<i

kj
(t, t), (28)

while another connection is provided by applying Langreth
rules [16] on Eq. (19), leading to

G<i(t, t) =
∫∫

dt1dt2

[
GRh(t − t1)σ

R(t1, t2)G<h(t2 − t)

+ GRh(t − t1)σ
<(t1, t2)GAh(t2 − t)

+ G<h(t − t1)σA(t1, t2)GAh(t2 − t)
]

+
∫

dt1

[
GRh(t − t1)σ int(t1, t1)G

<h(t1 − t)

+ G<h(t − t1)σ int(t1, t1)GAh(t1 − t)
]
. (29)

The first term can be interpreted as the contribution to the
TD charge density in the dot due to charge injection, as a con-
sequence of the external TD potentials, while the second term
is the charge density induced as a response, which depends on
the internal, screening HF potential. Finally, lesser TH GFs
are expressed through the Keldysh equation [16, 18], valid
for a non-interacting system

G<(t − t′) =
∫∫

dt1dt2G
R(t − t1)Σ<(t1 − t2)GA(t2 − t′).

(30)

From the expressions derived so far, it is possible to
formulate a self-consistent scheme for deriving the dot poten-
tial, Eq. (28): what is needed is the TIH part of the lesser
GF, Eq. (29), which depends on TH retarded, advanced, and
lesser GFs, TIH retarded, advanced, and lesser junction SEs
as well as TIH interaction SE, i.e., the TD dot potential. This
brings us back to Eq. (28) as the new input for Eq. (29).
The TH expression for SE, Eq. (23), as a consequence of
the linear-response approximation, provides the TIH junc-
tion SE, contained in Eq. (29), and the TH lesser GF, also
included in Eq. (29), is through Eq. (30) described in terms
of TH retarded and advanced GFs, and TH lesser junction
SE.

3.1 Time-homogeneous quantities of the dot
The set of equations derived in the previous section forms the
basis for alternating current calculation, where TIH quantities
are reduced to TH quantities. Now the TH quantities, that is,
TH dot’s GF and TH isolated electrode’s GF, are addressed,
where the latter will provide the TH junction SE.

Fourier transformation (FT) of the equation of motion of
the TH GF, Eq. (17), gives the well-known result

G(E) = (
E − ε − Σjnc − Σint

)−1
. (31)

At this point, DFT can be used to provide an effective
single-electron Hamiltonian, the so-called KS Hamiltonian,
of the system in the ground state, by mapping an interacting
to an effective non-interacting, KS electronic system. This
system is influenced by a (semi-)local potential generated
from the electron density. The potential consists of external,
Hartree, and exchange-correlation (XC) contributions. The
key point here is that the GF related to Heff and the GF related
to the KS Hamiltonian provide densities that are equal. This
feature has a benefit as it allows the use of the GF related to
the KS Hamiltonian to find the density, Eq. (55). At the same
time, a determinantal (Slater) shape of the many-electron
function can be used due to an effectively non-interacting
description.

The KS states, which build the Slater determinant, are
solutions of the following eigenproblem [20]:

(− 1

2m
Δ + u[n] + vH[n] + vXC[n]

)
φKS

μ
(r) = εKS

μ
φKS

μ
(r),

(32)

where n is the electron density n(r) = ∑
μ
|φKS

μ
(r)|2, with

corresponding GF

G = (
E − εKS − Σjnc

)−1
. (33)

The KS matrix elements in the dot basis are

εKS
nm

=
∫

dr φ∗
n
(r)

(− 1

2m
Δr + u + vH + vXC

)
φm(r).

(34)

www.pss-b.com © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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6 M. S. Dražić et al.: Non-equilibrium linear-response transport through quantum dot

KS orbitals can be expanded in an orthonormal basis {φn(r)}
of the dot,

φKS
μ

(r) =
∑

n

Cnμφn(r), (35)

where orthonormality provides the constraint that expansion
coefficients in Eq. (35) have to satisfy [24]:∑

nm

C∗
nβ

εKS
nm

C
mα

= εKS
α

δ
αβ

,
∑

n

C∗
nβ

C
nα

= δαβ. (36)

What remains is to find a description of the junction SE,
which depends on the isolated electrode’s GF. In practice,
this is the first step in obtaining the dot GF [25]. The iterative
procedure developed in Ref. [9] then finds the initial electron
density from the electric field between the electrodes at the
Hartree level, providing the initial KS Hamiltonian matrix,
Eq. (32). The matrix and junction SE determine the initial
GF, Eq. (33), which is then used to calculate the density
matrix D and from it the electron density n = Tr D. The
process is then iteratively repeated until the convergence of
n. The scheme remains valid in the present theory as well,
insofar as it solves the Hartree part of the problem and with
it the associated direct current, to which we will return in
Section 4.1.

3.2 Self interaction The reducing of SIE will be
demonstrated. It is necessary to find the Coulomb interac-
tion related potential energy. By observing Eqs. (17) and
(18), it is possible to find the total energy by taking the trace
of the time derivative of lesser GFs over the first time argu-
ment, repeating the same procedure with the time derivative
over the second time argument, and finding the difference of
the obtained derivatives [12]. The total energy will include
kinetic, lead–dot interaction, and Coulomb interaction ener-
gies. For the last, it can be found that

Eint(t) ∼ Tr
∫

dt′[(Σint(t, t′)G(t′, t))<

+ (G(t, t′)Σint(t′, t))<]. (37)

Decomposing both G and Σint into TH and TIH parts,
Eqs. (15) and (16), adopting the DFT description of TH GF
and SE, and treating the TIH SE at the HF approximation, it
can be observed that Eq. (37) consists of the following parts:
(i) a contribution due to stationary (obtained from lesser TH
GF) charge interacting via effective H + XC potential

Tr[(εKS
H + εKS

XC)G<],

(ii) a contribution due to dynamic (obtained from lesser TIH
GF) charge interacting via effective H + XC potential

Tr[(εKS
H + εKS

XC)G<i(t, t)],

(iii) a contribution due to stationary charge interacting via
internal HF time-dependent potential

Tr[σ int(t, t)G<].

Taking the existence of one electron only, it is, recall-
ing Eq. (28), possible to straightforwardly see that the third
contribution is zero (the prefactor 2 at the Hartree term came
because of spin summation, but in the single-electron case
this summation does not exist). The problem of SIE remains
due to the fact that in DFT, moving of a single electron is
influenced by the external potential, i.e., the junction SE, but
also to a certain extent by H + XC potential. This is in contrast
to the physical picture, in which this potential would have to
be constant (there should be no Coulomb force acting on the
single electron), namely,

veff (r) = vH(r) + vX(r) + vC(r);

vH(r) + vX(r) = const.;

vC(r) = 0. (38)

If this were satisfied, then the first two contributions to
the interaction energy would be

const.
∑
n,m

δnmG<(t, t)mn = const., (39)

where the unity value of the trace of the total lesser GF was
taken, according to the existence of one electron only. In order
to avoid the problem of SIE, the DFT SIC scheme [26, 27]
(SIC – self-interaction correction) has to be adopted. In that
case, the first and the second contributions could be zero
(constant), and this is what knowing the exact functionals
guarantees. However, it is important to point out that even
in the case of DFT that is free of SIE, the linear-response,
time-dependent theory would be free of SIE only within the
proposed HF treatment of the time-dependent internal poten-
tial. Throughout the rest of the paper the symbol for SE (TH,
TIH, or total) means junction SE, unless otherwise noted.

4 Current Electrical current originates in the leads that
are kept at a finite potential difference, the externally con-
trolled bias V , where additionally the potential Vα of lead α

changes in time. The standard adopted assumption is of non-
interacting Fermi-distributed electrons in the leads when the
difference in chemical potentials between the left and the
right electrodes is due to the bias, i.e., μL − μR = eV . At
some time, assumed to be in the remote past, reservoirs pro-
viding electrons to the leads are exposed to the influence
of time-dependent potential. The total electron flow through
the system then is the sum of the time-independent currents
due to the finite bias and the time-dependent currents due
to the varying potential, which were each determined sepa-
rately, starting from the definition of the electrical current in
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the lead α:

Iα(t) = −e
d

dt

〈
Nα(t)

〉 = −ie
〈
[H(t), Nα(t)]

〉
, (40)

where Nα(t) = ∑
kα

c
†
kα(t)ckα(t) is the total number of elec-

trons in the lead α. The evaluation of the commutator in
Eq. (40) gives

Iα(t) = ie
∑

kn

(
Vkα,n〈c†kα(t)d

n
(t)〉 − V ∗

kα,n
〈d†

n
(t)ckα(t)〉).

(41)

The last sum can be expressed with the lesser form of
the mixed GF, which involves analytical continuation on the
real-time axis [16], transforming Eq. (41) into

Iα(t) = 2e

∫ t

−∞
dt′Tr

[
GR(t, t′)Σ<

α
(t′, t) +G<(t, t′)ΣA

α
(t′, t)

−ΣR
α
(t, t′)G<(t′, t) − Σ<

α
(t, t′)GA(t′, t)

]
. (42)

Double counting, due to spin summation, is included in
the above equation. Partitioning of GFs and SEs into TH and
TIH parts done in Section 3 gives two contributions to the
total current Iα(t), namely a time-independent direct current
(DC) Iα and a time-dependent alternating current (AC) iα(t),
respectively, as follows:

Iα(t) = Iα + iα(t), (43)

Iα = 2e

∫
dt′ Tr

[
GR(t − t′)Σ<

α
(t′ − t)

+G<(t − t′)ΣA
α

(t′ − t) − ΣR
α
(t − t′)G<(t′ − t)

−Σ<

α
(t − t′)GA(t′ − t)

]
, (44)

iα(t) = 2e

∫
dt′ Tr

[
GR(t, t′)Σ<

α
(t′−t) +GR(t−t′)σ<

α
(t′, t)

+G<(t − t′)σA
α

(t′, t) + G<(t, t′)ΣA
α

(t′ − t)

−ΣR
α
(t − t′)G<(t′, t) − σR

α
(t, t′)G<(t′ − t)

−Σ<

α
(t − t′)GA(t′, t) − σ<

α
(t, t′)GA(t′ − t)

]
,

(45)

where the index α denotes the contribution from the lead α.
Langreth rules [16] provide the retarded and advanced forms
of the TIH contribution of the dot GF, Eq. (19), as

Gγi(t, t′) =
∫∫

dt1dt2 Gγh(t − t1)
[
σγ(t1, t2)

+ σ int(t1, t2)δ(t1 − t2)
]
Gγh(t2 − t′), (46)

where γ stands for R or A. Note that in this expression all one-
and two-time quantities correspond to TH and TIH terms,
respectively, which remains true for all the expressions in
the rest of the paper, and thus explicit writing of ‘h’ and ‘i’
hereafter is omitted.

4.1 Direct current After FT of the expression for DC,
Eq. (44), it is obtained that

Iα = e

π

∫
Tr

[
GRΣ<

α
+ G<ΣA

α
− ΣR

α
G< − Σ<

α
GA

]
dE,

(47)

where, to simplify the notation, explicit dependence of quan-
tities under the integral on E is omitted. From Eq. (20), it
follows that

Σγ

α
= V †

αD gγ

α
V

αD, γ = R, A, < (48)

and, from Eqs. (22) and (24), SE matrices describing the
influence of electrodes are obtained as follows:

ΣA
α

− ΣR
α

= i Γα, (49)

Σ<

α
= ifαΓα, (50)

where the bandwidth Γ is defined as

Γ =
∑

α

Γα; Γα(E) = 2πV †
αDΔ

α
(E)V

αD (51)

and Δα(E) is the density of states matrix of the isolated
electrode α.

From Eq. (49), it follows that

Γα(E) = −2Im ΣR
α
(E) (52)

and, recalling Eqs. (33) and (49), it is straightforward to show
that

[GR]−1 − [GA]−1 = ΣA − ΣR,

i(GR − GA) = GRΓGA, (53)

which, together with the TH part of the Keldysh equa-
tion (30), gives the expression for DC, Eq. (47), in the
well-known Caroli form [19]

Iα = e

π

∫
dE(fα − fβ)Tr[ΓβG

RΓαG
A], α 	= β. (54)

This equation was obtained before using the scattering
formalism of Büttiker [28, 29], where particle interaction in
the dot was treated up to the elastic one-particle interaction
level, the connection between S-matrix and GF was estab-
lished viathe Fisher–Lee relation [3], and the transmission
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recognized in the term Tr[ΓαG
RΓβG

A]. Beyond elastic
mean-field potential scattering, however, equality between
this expression and the transmission coefficient does not
hold any longer.

The expressions for the TH lesser GF, Eq. (30), and the
lesser SE, Eq. (50), together with Eq. (53), determine the
electron density matrix as

D = −iG<(t − t+) = 1

2πi

∫
dE G<(E). (55)

The Fourier-transformed Keldysh equation (30), together
with Eq. (49), expresses the lesser TH GF as

G< = GRΣ<GA

= GR
∑

β

ifβΓβG
A

= ifβG
RΓGA + i(fα − fβ)GRΓαG

A. (56)

It is assumed here that μα > μβ for definiteness, two
terms of the TH lesser GF, respectively, are the equilibrium
density matrix associated with lead states kβ up to μβ and
the non-equilibrium part with the energy values between
chemical potentials. Due to Eq. (53), the equilibrium part
is simply

ifβG
RΓGA = −2ifβImGR, (57)

which is analytical in the complex upper half-plane except at
poles of the Fermi distribution at the imaginary axis, and the
integral can be calculated by contour integration [9, 10]. The
non-equilibrium part of the density matrix is not analytical
due to the presence of both retarded and advanced GFs, so
the integration is done along the real axis [9–11].

The DC is conserved, which can be demonstrated by tak-
ing the sum over left and right current contributions, Eq. (47),
to obtain∑

α=R,L

Iα = e

π

∫
Tr[(GR − GA)Σ< + (ΣA − ΣR)G<] dE.

(58)

The first rows of Eqs. (53) and (56) then trivially lead to
the DC conservation.

4.2 Alternating current The expression for the alter-
nating current, Eq. (45), can be transformed recalling
Eqs. (29), (28), (23), and (46), to obtain an expression involv-
ing only TH quantities. To this end, first the double FT is
applied to all two-times quantities, which transforms the
expression for AC, Eq. (45), into a sum of four contributions

iα(ω) = e

π

∫
dE Tr

[
i(1)
α

+ i(2)
α

+ i(3)
α

+ i(4)
α

]
,

i(1)
α

= [GR(E+) − GA(E)]σ<

α
(E+, E),

i(2)
α

= [ΣA
α

(E) − ΣR
α
(E+)]G<(E+, E),

i(3)
α

= GR(E+, E)Σ<

α
(E) − Σ<

α
(E+)GA(E+, E),

i(4)
α

= G<(E+)σA
α

(E+, E) − σR
α

(E+, E)G<(E), (59)

where E+ stands for E + ω (notation adopted from Ref. [6]).
The first three terms agree with the results previously
obtained by Anantram and Datta (see Eq. (22) of Ref. [6]),
who provided also their interpretation – the first term, i(1)

α
,

corresponds to the correlated injection of electrons from elec-
trode α at energies E and E+, while the second, i(2)

α
, describes

the correlated injection of the electrons in the other direction,
from the dot into the lead; the third term, i(3), corresponds to
the injection of the electron from one energy from the leads
to the changing density of states in the dot.

The fourth term, i(4), also presented in Refs. [7, 8], can
be interpreted by tracing back its origin to the expression
for the TIH junction SE, Eq. (60) – if, for the sake of sim-
plicity, Σ(E) changes linearly with E, then σα(E+, E) =
(−∂Σα(E)/∂E)Vα, i.e., TIH SE is produced by the change
of the TH junction SE with energy. The change of the real
part is associated with the shifting of energy levels in the dot,
while the change of the imaginary part with the change of
width of dot levels. Since these changes originate in the leads,
the fourth term describes the process that is the third process
reversed, namely an injection of the electron from the dot into
the lead due to the altering density of states in the leads. This
term gives the contribution beyond the WBL approximation,
which is discussed later (Section 5.1) considering it a special
case of the general expression (59).

Subsequently, the four contributions to the current can be
grouped into two types of processes: i(1) + i(3) corresponds to
the transfer of the electron from the leads into the dot, while
i(2) + i(4) corresponds to the transfer of the electron from the
dot into the leads.

4.3 Expression for current Now, what follows is the
derivation of the final expression for the dynamical current
starting with the FT of Eq. (23):

σγ

α
(E+, E) = Vα(ω)

ω
[Σγ

α
(E) − Σγ

α
(E+)], (60)

where γ stands for A, R, or <. The FT of Eq. (46) is

Gγ(E+, E) = Gγ(E+)[U(ω) + σγ(E+, E)]Gγ(E),

(61)

where γ stands for A or R, and U is the time-dependent
potential at the HF level

Unm(ω) = 1

2π

∫
dE σ int

nm
(E+, E), (62)
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determined self consistently. The FT of the TIH contribution
of the lesser GF of the dot, Eq. (29), is

G<(E+, E) = GR(E+)σR(E+, E)G<(E)

+ GR(E+)σ<(E+, E)GA(E)

+ G<(E+)σA(E+, E)GA(E)

+ GR(E+)U(ω)G<(E)

+ G<(E+)U(ω)GA(E). (63)

The self-consistent set of equations now involves the use
of Eqs. (60), (62), and (63) to express TIH quantities through
TH ones, resulting in the expression for the current where all
the quantities are functions of either E or E + ω. For this rea-
son, to simplify notation, the writing of explicit dependence
on E is dropped, while the explicit dependence on E + ω is
indicated by the subscript +, while V and U depend on ω

only, which is also not explicitly written. Using this notation,
the derivation of the expression for dynamical current at the
frequency ω is given in the Appendix, with the following
result:

iα(ω) = e

π

∫
dE Tr

(
GR

+ŨR
α
GRΣ<

α
− Σ<

α+GA
+ŨA

α
GA

)
+ e

π

∫
dE Tr{[ΣA

α
− ΣR

α+][GR
+ŨR

α
G<

+G<

+ŨA
α
GA + GR

+
Vβ − Vα

ω
(Σ<

β
− Σ<

β+)GA]},
(64)

Ũγ

α
= Vβ − Vα

ω

(
Σ

γ

β − Σ
γ

β

) + U − Vα; γ = R, A; β 	= α,

(65)

where Ũα can be perceived as an effective potential that
includes TIH self energy as well as the induced dot potential,
all shifted by the potential of the corresponding lead.

The first integral of Eq. (64) contains the AC contri-
bution from leads-to-dot processes i(1,3)

α
. Presence of the

in-scattering rate Σ< in the integral shows that the described
process is not only due to external potentials but also due
to internal ones [30]. The second integral of Eq. (64), corre-
sponding to the contribution of dot-to-leads processes i(2,4)

α
,

is due to the presence of the dissipative term G< [30].
The gauge-invariant current theory is the one where

simultaneous shift of all potentials by the same amount has
no observable effect on current, i.e., the current depends
only on voltage differences [4, 7, 8, 28, 31]. Both of these
contributions to the total AC show that the current depends
on potential differences, which is the hallmark of gauge
invariance, and clearly point out the necessity of the explicit
introduction of internal potential in order to preserve gauge
invariance.

4.3.1 Admittance Although expressions for AC and
DC have been derived and the scheme for the calculation

of all relevant quantities developed, no connection to the
conductance has been made so far. Büttiker established a
connection between time-dependent Hartree potential and
electrode potentials via conductance using the formalism of
characteristic potentials [4], and proved the gauge invariance
with respect to constant potential shifts of V . To better under-
stand the obtained result, Eq. (64), especially the role of the
displacement current, the expression can be formally rewrit-
ten in terms of the transport coefficient, the particle current
associated admittance G̃p(ω), and the displacement current
id
α

as

iα(ω) =
∑
αβ

G̃
p
αβ(ω)Vβ(ω) + id

α
(ω) (66)

or, in matrix form, as[
iL

iR

]
=

[
G̃

p
L G̃

p
LR

G̃
p
RL G̃

p
R

] [
VL

VR

]
+

[
id

L

id
R

]
, (67)

where corresponding components of the admittance matrix
can be easily extracted from Eq. (64). The obtained
expression appears non-homogeneous in Vα due to the
displacement-current term id

α
(ω), equal to the contribution

of the first four terms in Eq. (64) containing all the contribu-
tions of the TD potential in the molecule U(ω). This potential,
however, is determined self consistently and therefore also
indirectly depends on Vα. This can be seen by considering
first the limit of vanishing amplitudes of electrode potentials
Vα. In this case, for small frequencies the response of the dot
to the external field will also be small, and expansion of U in
Vα would provide a constant term in the lowest order, which
can be removed by choosing a suitable gauge, and terms lin-
ear in Vα as the largest non-trivial corrections, thus making
the displacement current also linearly dependent on Vα,

id
α

=
∑

β

G̃d
αβ

Vβ.

Therefore, the main effect of the displacement current is
the renormalization of the total admittance of the molecule,

iα(ω) =
∑
αβ

G̃αβ(ω)Vβ(ω), G̃(ω) = G̃p(ω) + G̃d(ω).

(68)

In this limit of vanishing Vα(ω), the current will be van-
ishing as well so long as ω is smaller than the molecular
gap. When the two energies are comparable, however, there
is a possibility of forming transient excited states, which are
not well described in the formalism of linear response [16].
This sets the upper limit for the frequency of the driving field
to about the (effective) level spacing near the Fermi energy
of the dot or, alternatively, the HOMO–LUMO gap of the
molecule.

In general, if V (ω) is non-vanishing, U(ω) does not
have to be linear in Vα(ω) even when all TIH quantities are,
where the source of nonlinearities is the intra-dot Coulomb
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interaction. Then, due to TH contributions of U nonlinear
in Vα, a simple relation (68) is only an approximation and
would acquire additional nonlinearity in Vα terms, which are
taken into account with the presented formalism and already
included in the expression for dynamical current, Eq. (64).

4.3.2 Current partition When talking about the elec-
tron injection between the dot and the lead, it should be stated
that the four terms in Eq. (59) include not only the particle
current, but also the current due to charge accumulation in
the dot induced by the external potential, the displacement
current id. This is due to the fact that the system of equations
developed in Section 3 includes also the intra-dot interaction,
whose TIH contribution is exactly the TD potential in the dot.
The left and right AC contributions to Eq. (59) are

i(ω) = iL(ω) + iR(ω). (69)

Taking the GFs in a Kohn–Sham form, Eq. (33), the above
sum is∑

α=R,L

iα(ω) = −e
ω

π

∫
dE Tr

[
GR

+σ<(E+, E)GA

+ G<

+σA(E+, E)GA + GR
+σR(E+, E)G<

]
− e

ω

π

∫
dE Tr

[
G<

+U(ω)GA+GR
+U(ω)G<

]
,

(70)

where U is the HF time-dependent potential, Eq. (62). The
above result is easy to obtain if the sum of left and right
contributions of the second term of Eq. (59) is transformed:

(ΣA − ΣR
+)G<(E+, E)

= −ωG<(E+, E) + ([GR
+]−1 − [GA]−1)G<(E+, E).

(71)

Using Eq. (63), in the second term on the right-hand side,
it can be found that this term is canceled by the left and right
sums of the first, third, and fourth terms of Eq. (59), giving
Eq. (70). The right-hand side of Eq. (70) also equals

−2ei�
∂

∂t
Tr G<(t, t).

Equation (70) consists of two contributions: the current
associated with injected charge where the external poten-
tial was recognized in the TIH junction SE, and the current
associated with induced charge with corresponding internal
potential, Eq. (62). The displacement current density is the
divergence of the time derivative of the electric field gener-
ated by charge density. This charge density is composed from
injected and induced charge densities in the dot.

The molecule–lead coupling affects both the molecule
and the leads. For metallic leads, effects of this coupling are
expected to be screened at the depth of the Thomas–Fermi
length, which is at most a few lattice constants, with bulk-

like properties deeper in the conductor, which in the case of
finite bias means the uniform electro-chemical potentials in
the bulk. This is then used to impose the correct boundary
conditions: the system is divided into the central region, the
so-called extended molecule (EM), containing the molecule
and parts of the electrodes, with the requirements that its
potential and non-equilibrium distribution match with those
in both electrodes. Due to the screening of field lines, the
charge neutrality is maintained in the central region if suffi-
ciently large parts of the leads are included [9, 11, 32].

This approach is extended to the TD transport in Hartree
approximation by the introduction of characteristic poten-
tials [4, 8, 17, 31].

At the HF level studied in this research, inclusion of
the internal potential U into the system of equations deter-
mining the current does not require use of characteristic
potentials and, since inclusion of the exchange through the
Fock term results in the reduced interaction of half of the
electrons [33, 34], the screening is expected to be slightly
weakened compared to the Hartree case. As a consequence,
the size of the central region, where charge neutrality is main-
tained, should be larger than in the RPA description. As far
as our model is concerned, the exchange contribution to the
internal potential is localized within the EM. With this in
mind, the proper boundary conditions thus should include:
matching of the TD Hartree potential, vanishing TD Fock
contribution, and imposing the EM charge-neutrality condi-
tion, Tr[G<i(t, t)] = 0.

It can be stated that the right-hand side of Eq. (70) is
a time derivative of the volume integral of the TD charge
density, which is, due to EM charge neutrality, zero. In other
words [4, 17, 31], field lines, stemming from the charge den-
sity, do not penetrate the surface which encloses the EM.
The charge neutrality of the central region, besides provid-
ing boundary conditions, means that the voltages of contacts
are well defined [35]. Therefore, Eq. (70) represents the
current conservation as well as the current partition on left
and right terms. The effects of the displacement current are
self-consistently included during the determination of the
time-dependent dot potential via implicit inclusion of the
Coulomb interaction (which is responsible for the displace-
ment current [4, 8, 17, 31] in the first place).

5 Wide-band limit and zero bias Generally, when-
ever the leads are connected to the electronic reservoir and
good featureless conductors, one may expect fast screening of
the external electric field by a large electronic density of states
at the leads’ surface, effectively creating a capacitor-like sys-
tem with the dot/molecule in the middle and approximately
constant density of states at the surface. In this case one
expects the wide-band-limit approximation to be adequate,
simplifying the derived expressions. Another interesting case
is that of voltage without any bias, corresponding to a time-
dependent-only driving voltage on the leads. We therefore
consider these cases separately and derive the appropriate
expressions for iα.
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5.1 Current in the WBL As discussed earlier (Sec-
tion. 4.2), the fourth contribution i(4) of the dynamical current,
Eq. (59), corresponds to the charge injection from the dot into
the changing density of states in the leads.

The WBL consists then in the assumption that there is no
such density change, so, in this case, the alternating current is
Eq. (59) without the fourth term, which leads to the result as
in Ref. [6], with a caveat that the here derived expression for
the current is more general due to the self-consistent inclusion
of dot interaction. To derive the expression for AC in WBL,
we start with the TH self energy, Eq. (14), which after FT
can be written in matrix form as

Σγ

α
(E) = V †

α
gγ

α
(E)V

α
, γ = R, A.

The k index labelling the wave vector, can be expressed
via the density of states, with explicitly separated real and
imaginary parts of the above equation,

Σγ

α
(E) =

∫ W

−W

dε Δ
α
(ε)V †

α
(ε)

[
Re gγ

α
(E, ε)

+ Im gγ

α
(E, ε)

]
V

α
(ε),

where W is the band half-width. After finding of separate
contributions to the SE from the real and imaginary parts of
the isolated electrode TH retarded GF, Eq. (9), and using the
standard principal value (PV) representation of the Fourier-
transformed GF

gR/A
α

(E, ε) = 1

E − ε ± iδ

= PV

(
1

E − ε

)
∓ iπδ(E − ε),

we obtain

ΣR/A

α
(E) = ∓iπV †

α
(E)Δ

α
(E)V †

α
(E)

+ PV
∫ W

−W

dε Δ
α
(ε)V †

α
(ε)

1

E − ε
V

α
(ε). (72)

The imaginary part is associated with the dot bandwidth,
Eq. (51), assumed within WBL to be energy independent
throughout the band, thus giving

ΣR/A
α

(E) =
( 1

2π
ln

∣∣∣∣W + E

W − E

∣∣∣∣ ∓ i

2

)
Γα. (73)

When it is furthermore assumed that the electrode band-
width is much larger than any other relevant energy scale,
such as amplitudes of time-dependent potentials and the dot
bandwidth Γ , the real part of SE goes to zero.

As mentioned in the introduction, the TIH SE acts as
a TD external perturbation. By its construction, Eq. (14),
the junction SE is expected to vanish in leads away from
the molecule. In general, the evolution of the EM is non-
unitary due to interaction and junction self energies. The

continuity equation for closed systems is preserved by the
current-conservation condition. In the case of the open sys-
tem, this condition affects only the interaction SE, while
the presence of junction SE breaks the continuity equation
as a consequence of boundaries where particles emerge or
disappear.

The WBL approximation significantly overestimates
the electrode density of states and consequently screening
effects, which leads to the neglect of the external perturb-
ing potential, i.e., changes of the TIH junction SE. Besides
the vanishing i(4)

α
, WBL reduces the changes of the density

of states within the EM (without self-consistent potential
inclusion, there would be no changes at all), and affects
the correlated electron injection from the dot to the leads
by removing the effects of external potentials on the elec-
tron correlation function G<. The expression for AC in the
WBL again consists of two contributions, due to the particle
current, associated with terms containing external potentials
only, and the displacement current containing the internal
potential only,

iα(ω) = e

π

∫
dE Tr{if αG

R
+(U − Vα)GR

−if α+GA
+(U−Vα)GA−

∑
γ=L,R

GR
+[fγ(U−Vα)GRΓβ

+ fγ+ΓγG
A
+(U − Vα)]GAΓα

− (fβ − fβ+)
Vβ − Vα

ω
GR

+ΓβG
AΓα}.

Once again, it can be observed that the inclusion of dis-
placement current through the self-consistent introduction of
the internal field preserves the gauge invariance. The Fermi
distributions come from Eq. (50). The first two terms under
the integral are due to charge-correlated charge injection
as well as injection with corresponding changing density
of states within the dot, i.e., the EM, while the remaining
terms correspond to correlated charge injections into the
leads without changing their density of states. To the best of
our knowledge, this expression has not been derived before.

5.2 Current in the zero-bias regime Another
important special case is that of the zero bias, when the
molecule is exposed to the AC only. In this case chemi-
cal potentials of the leads are equal and Fermi distributions
therefore unshifted, leading to the zero direct current and sim-
plifying the expression for the dynamical current, Eq. (64),
to obtain

iα = e

π

∫
dE Tr

[
(f ŨR

α
− f+ŨA

α
)GA(ΣA

α
− ΣR

α+)GR
+

+ f+ŨA
α
GA(ΣA

α
−ΣA

α+)GA
+−f ŨR

α
GR(ΣR

α
−ΣR

α+)GR
+

+ Vβ − Vα

ω
GR

+(ifΓβ − if+Γβ+)GA(ΣA
α

− ΣR
α+)

]
.

(74)
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To the best of our knowledge, this result has also not been
obtained yet.

5.3 Current in the zero-bias WBL Finally, we con-
sider the case of applied AC only in the WBL, which greatly
further simplifies the current expression, Eq. (64), to obtain

iα(ω) = e

π

∫
dE Tr{(f − f+)ΓαG

R
+

×
[
i(U − Vα) + Vα − Vβ

ω
Γβ

]
GA}. (75)

To compare the obtained expression with the zero-bias
result, Eq. (27) of Ref. [6], it is convenient to work in a gauge
corresponding to the experimental setup from the reference
(which is in our case possible due to the gauge invariance), by
setting Vα �→ Vα − Vβ and Vβ �→ 0, i.e., by shifting external
potentials of both electrodes by Vβ. In this gauge, and by
neglecting the TD potential in the dot, U, the two expressions
agree.

6 Conclusions In conclusion, we have derived a set
of equations describing non-equilibrium charge-conserving
gauge-invariant transport through a quantum dot/molecule,
including the time-dependent dot potential and with it the
associated displacement current, at the Hartree–Fock level,
and derived the expression for the frequency dependence of
the dynamical current. The gauge invariance of the theory
was explicitly shown and special cases of the wide-band
limit, zero bias, as well as the zero-bias wide-band limit
considered and corresponding expressions for the current
derived. The theory is particularly suitable for use with the
DFT, where the latter can provide the time-homogeneous
contribution of the Coulomb interaction to the dot potential,
thus providing a theoretical basis for the first-principle micro-
scopic description of the non-equilibrium quantum transport
in linear response and calculation of electronic current in
molecules, dots, junctions, or nano-scale devices beyond the
time homogeneity. Coupled with SIC DFT, the theory is free
of a self-interaction error and suitable for the time-dependent
transport description in the cases where the single-charge
effects, for example in the regime of weak coupling between
electrodes and the molecule, could be of interest. The cur-
rent conservation based on the DFT coupling with GFs relies
on the fact that the time-dependent internal potential was
approximated at the mean-field level. Therefore, within our
scheme, the possible systematic expansion of TIH interac-
tion SE, with the aim to include time non-local contributions,
would not provide current conservation. However, it does not
mean that the description based on time local potentials was
exhausted. It is our opinion that the mean-field approximation
introduced in Ref. [34] leaves room for further progress.

Appendix In this appendix we will derive the expres-
sion for the dynamical current. We start with its expression,

Eq. (59), and separately consider two contributions: the first
one describing the charge injection,

iinj
α

= e

2π

∫
dE Tr

(
i(1)
α

+ i(3)
α

)
(76)

and the second one related to charge emission,

iemi
α

= e

2π

∫
dE Tr

(
i(2)
α

+ i(4)
α

)
. (77)

Equation (76) is transformed using Eqs. (59), (60), (61),
and (63) to obtain

iinj
α

= e

2π

∫
dE Tr

[
Vα

ω
(GR

+ − GA)(Σ<

α
− Σ<

α+)

+GR
+σRGRΣ<

α
− Σ<

α+GA
+σAGA

+GR
+UGRΣ<

α
− Σ<

α+GA
+UGA

]
. (78)

Since the integration is over all energies, we can trans-
form the first-term contribution on the right-hand side:∫

dE Tr[(GR
+ − GA)(Σ<

α
− Σ<

α+)]

=
∫

dE Tr[(GR
+ − GR)Σ<

α
− Σ<

α+(GA
+ − GA)]. (79)

The expressions

Gγ

+ − Gγ, γ = A, R, (80)

can be transformed by recalling the definition of the KS GF,
out of which directly follows(

Gγ

+
)−1 − (

Gγ
)−1 = ω + Σγ − Σγ

+, (81)

which, after multiplying with G
γ
+ from the left and with Gγ

from the right, gives

Gγ − Gγ

+ = ωGγ

+Gγ + Gγ

+(Σγ − Σγ

+)Gγ. (82)

Finally, recalling Eq. (60), we obtain

Vα

ω
(Gγ

+ − Gγ) = −Gγ

+

(
Vα + σγ

α
+ Vα

Vβ

σ
γ

β

)
Gγ, (83)

where α 	= β. This result is inserted on the right-hand side of
Eq. (79) and the obtained expression is added to the rest of
Eq. (78) to obtain

iinj
α

= e

2π

∫
dE Tr

(
GR

+ŨR
α
GRΣ<

α
− Σ<

α+GA
+ŨA

α
GA

)
,

(84)
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where Ũ is the effective potential, Eq. (65). A similar proce-
dure applied to Eq. (77) gives

iemi
α

= e

2π

∫
dE Tr[(ΣA

α
− ΣR

α+)(GR
+UG< + G<

+UGA

+GR
+σRG< + G<

+σAGA + G<

+σ<GA)

+G<

+σA
α

− G<σR
α

]
. (85)

The contribution from the last line is transformed as was
done with Eq. (79),∫

dE Tr[G<

+(ΣA
α

− ΣA
α+) − G<(ΣR

α
− ΣR

α+)]

=
∫

dE Tr[(G<

+ − G<)(ΣA
α

− ΣR
α+)]. (86)

In order to find a suitable expression for lesser GFs, we
use the Keldysh equation (30). In the case of G<

+, Eq. (82),
where γ stands for advanced functions, will be useful. Taking
the product of both sides of this equation with Vα/ω and then
with GR

+Σ<
+ acting from the left, we obtain

Vα

ω
G<

+ = Vα

ω
GR

+Σ<

+GA − G<

+
(
Vα + σA

α
+ Vα

Vβ

σA
β

)
GA.

(87)

We follow the same route for G<, with those differences
that in Eq. (82), γ stands for retarded functions, and that we
take the both sides product with Σ<GA acting from the right.
This leads to

Vα

ω
G< = Vα

ω
GR

+Σ<GA + GR
+
(
Vα + σR

α
+ Vα

Vβ

σR
β

)
G<.

(88)

The insertion of Eqs. (87) and (88) into the right-hand
side of (86), and the obtained result into Eq. (85), leads to

iemi
α

= e

2π

∫
dE Tr{[ΣA

α
− ΣR

α+]

× [GR
+ŨR

α
G< + G<

+ŨA
α
GA

+GR
+(Vβ − Vα)

Σ<
β

− Σ<
β+

ω
GA]}. (89)

Taking the sum of Eqs. (84) and (89), we arrive at
Eq. (64).
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[35] M. H. Pedersen and M. Büttiker, Phys. Rev. B 58, 12993

(1998).

www.pss-b.com © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim


